CLASSIFICATION OF SIMPLE W„-MODULES WITH 
FINITE-DIMENSIONAL WEIGHT SPACES 
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YULY BILLIG AND VYACHESLAV FUTORNY 



Abstract. We classify all simple VFn-modules with finite-dimensional weight 
spaces. Every such module is either of a highest weight type or is a quotient 
of a module of tensor fields on a torus, which was conjectured by Eswara Rao. 
This generalizes the classical result of Mathieu on simple weight modules for 
the Virasoro algebra. In our proof of the classification we construct a functor 
from the category of cuspidal VK„-modules to the category of Wn-modules with 
a compatible action of the algebra of functions on a torus. We also present a 
new identity for certain quadratic elements in the universal enveloping algebra 
of Wi, which provides important information about cuspidal PVi-modules. 



1. Introduction. 

In 1992 Mathieu [20] classified simple modules with finite-dimensional weight 
spaces for the Virasoro algebra, proving a conjecture of Kac [13]. This was preceded 
by the work of Kaplansky [TS] and Kaplansky-Santharoubane [TB] on classification 
of simple modules for the Virasoro algebra with 1-dimensional weight spaces. 

Mathieu proved that simple weight modules fall into two classes: (1) highest/ 
lowest weight modules and (2) modules of tensor fields on a circle and their quo- 
tients. It was natural to ask the same question about the Lie algebra Wn of vector 
fields on a torus. In case of Wn, however, it was not clear at the time what should 
be the statement of the conjecture. 

The W„-modules of tensor fields were well-known, in 1970s Gelfand's school 
studied various cohomological problems related to these modules [11]. However it 
was not known whether there exist analogues of the highest weight modules for Wn 
with finite-dimensional weight spaces. It turned out that such modules do exist, 
and the highest weight type modules for W„ were constructed using a theorem of 
Berman-Billig [1], [5]. Recently vertex operator realizations of simple W„-modules 
of the highest weight type were given in [4] . 

In 2004 Eswara Rao conjectured that simple modules for Wn with finite-dimen- 
sional weight spaces also fall into two classes: (1) modules of the highest weight 
type and (2) modules of tensor fields on a torus and their quotients. 

Solenoidal Lie algebras (also known as centerless higher rank Virasoro algebras) 
serve as a bridge between Wi and Wn- A solenoidal Lie algebra is the algebra of 
vector fields which are collinear at each point of the torus to some fixed generic 
vector. The name is motivated by the fact that the flow lines of such fields are 
dense windings on the torus. Solenoidal Lie algebras are very similar to Wi in 
many regards, yet they have the same grading as Wn- 

Su [24] classified simple cuspidal modules for the solenoidal Lie algebras (i.e., 
modules with a uniform bound on dimensions of weight spaces). Lu-Zhao [17] 
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classified all simple modules with finite-dimensional weight spaces for this class of 
algebras. 

Using this work, Mazorchuk-Zhao pT| described supports (sets of weights) of all 
simple W„-modules with finite-dimensional weight spaces. 

In the present paper we complete the classification of such modules, proving 
Eswara Rao's conjecture. 

In order to achieve the result, we need to understand the structure of cuspidal 
(not necessarily simple) modules for Wi, the solenoidal algebras and ]¥„■ For an im- 
portant subcategory of cuspidal AVK„-modules that consists of modules admitting 
the action of the commutative algebra A of functions, this structure is understood, 
such AVF„-modules were analyzed in [9] and [2]. Our present approach reduces the 
classification of simple cuspidal VF„-modules to the classification of simple cuspidal 
AWn-modules. To achieve this we construct the functor of coinduction, which as- 
sociates to a W„-module M a coinduced ^W„-module Hom(^, A/). The coinduced 
module itself is too big and takes us out of the category of modules with finite- 
dimensional weight spaces. However, we can exploit the fact that Wn is itself an 
A- module and for each x e Wn, u ^ M define ■ip{x, u) £ Hom(y4, M) by 

i}{x,u){f) ^ {fx)u, forfeA. 

A subspace in the coinduced module spanned by all ^'{x, u) is an AVK„-subniodule, 
which we call the A-cover M of M. The A-cover construction plays a crucial role 
in our proof. 

One of our key results is a theorem that the A-cover of a cuspidal module still 
has finite-dimensional weight spaces. As we have a homomorphism M — ^ M, 
ip{x, u) I— >■ xu, which is surjective under a mild assumption WnM — M, we are able 
to reduce the classification of simple cuspidal iy„-modules to the classification of 
simple cuspidal 74T4^„-modules, obtained in 9 . 

The proof of the theorem that the A-cover of a cuspidal module is again cuspidal, 
is based on an interesting new identity for the following quadratic elements in the 
universal enveloping algebra of Wi : 



m 



«n = >;(-irWefc 



(m) _ V^. 

k,s - Z^i--^; [ „ pfe-aCs+a. 



We prove, in particular, that for m > 2 

ttyf*' (7) (7) ({a£i,_, , n«.« } - 1^%-, . "S.Uj }) 

= (, - »)(p - k + 2m)n<';;V2,n,,+,-2„.. (i-i) 

where by {X, Y} we denote the anticommutator XY + YX. 

Using this algebraic identity we show that operators ^^™ annihilate any cusp- 
idal Wi-module M for large enough m, which depends only on the length of the 
composition series of M. 

Let us present the classification of simple W„-modules with finite-dimensional 
weight spaces that we establish in this paper. 

Modules of tensor fields on a torus T{U, (3) are parametrized by their support 
/3 -f Z" and a finite-dimensional 3/„-module U . The latter is explained by the fact 
that the local coordinate changes induce the action of gin on a fiber of a tensor 
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bundle. If a 5/„-module U is simple the resulting module T{U, (3) is a simple Wn- 
module, except when it is a module ^^{(3) of differential fc-forms. The exceptional 
nature of the modules of differential forms comes from the fact that they form the 
de Rham complex, and the differential d is a homomorphism of W„-modules. 

Modules of the highest weight type are constructed using the technique of the 
generalized Verma modules. We choose a Z-grading on W„, say by degree in t„. 
Then a degree zero subalgebra is a semidirect product of Wn-i with an abelian 
ideal. We take a tensor module for Wn-i and let the abelian ideal act on it via 
A-action rescaled with a complex parameter 7, yielding a module T(f/, /3, 7) for the 
degree zero subalgebra in Wn- We postulate that the positive degree subalgebra 
acts trivially on T{U,l3,'y) and construct the induced PV„-module M{U, (3,'^). By 
Theorem of Berman-Billig [1 , the simple quotient i(C/, /3, 7) has finite-dimensional 
weight spaces. Finally, we can twist such modules by a G'L„(Z)-automorphism of 
Wn, which corresponds to a change in the Z-grading on Wn- 

The trivial 1-dimensional W„-module can be constructed as either a quotient of 
a module of differential forms or as a module of the highest weight type. 

Our main result is the following theorem. 

Theorem 1.1. (cf., Theorem \5.4^ Every simple weight Wn-m,odule with finite- 
dimensional weight spaces is isomorphic to one of the following: 

• a module of tensor fields T{U,/3), where /3 € C" and U is a simple finite- 
dimensional gin-module, different from an exterior power of the natural n-dimen- 
sional gin-module, 

• a submodule dn''{l3) C n''+^{l3) for < k < n and (3 e C", 

• a module of the highest weight type L{U, j3,^Y , twisted by g £ GL„(Z), where 
U is a simple finite- dimensional gln-i-module, j3 G C"^"'^ and 7 G C. 

The structure of the paper is as follows. In Section 2 we discuss Lie algebras 
of vector fields on a torus, their solenoidal subalgebras and give basic definitions 
in their representation theory. In Section 3 we prove our key identity (jl.ip and 
link it with annihilators of cuspidal modules. In Section 4 we develop the theory 
of coinduced modules and study the properties of A-covers of cuspidal modules. 
Finally, in Section 5 we apply our results to establish the classification of simple 
W„-modules with finite-dimensional weight spaces. 

2. Lie algebras of vector fields and their cuspidal modules 

Consider the Lie algebra Wn of vector fields on an n-dimensional torus T". The 
algebra of (complex- valued) Fourier polynomials on T" is isomorphic to the algebra 
of Laurent polynomials 

A — 'Lyt^ , . . . , i„ J, 

and Wn is the Lie algebra of derivations of A. Thus Wn has a natural structure of 
an A- module, which is free of rank n. We choose di = ^1^1 ■ ■ ■ ,dn — t-a-g^ as a 
basis of this A-module: 

n 
Wn= ® Adp. 
p=l 

Setting the notation t^ — t]^ . . . ij^" for r = (ri, . . . , r„) S Z", we can write the Lie 
bracket in Wn as follows: 

[eda,t'db] = Sa^+'db - rht'-+'da, a, 6 = 1, . . . , n; r, s G Z" . 
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The subspace spanned hy di, . . . ,dn is the Cartan subalgebra in Wn and the adjoint 
action of these elements induces a Z"-grading. 

In case when n = 1 we get the Witt algebra Wi with the basis e^ = t^di, fc e Z, 
and the bracket 

[er,es] = (s -r)er+s- (2.1) 

One particular family of subalgebras in Wn will play a significant role in this 
paper. 

Definition 2.1. We call a vector ^ e C" generic if /i • r 7^ for all r G Z"\{0}. 

Definition 2.2. Let /x be a generic vector in C" and let d^ = /iidi + . . . + /i„d„. 
A solenoidal Lie algebra W^ is the subalgebra in Wn which consists of vector fields 
coUinear to ^ at each point of T", Wf^ = Ad^. 



The Lie bracket in W^ 



[fd^,t'd^]^^l■is-r)f+'d^. 

Denote by F^ the image of Z" under the embedding Z" — > C given by r !-> /i • r. 
Then we can view the solenoidal Lie algebra W^ as a version of the Witt algebra 
Wi where the indices of the basis elements e^ run not over Z, but over the lattice 
r^ C C. Here we make the identification i^'d^ = e^.,. and the formula (j2.1[) remains 
valid. 

The properties of the solenoidal Lie algebras are very similar to those of Wi, 
yet these algebras are close enough to W„. In particular, W„ can be decomposed 
(as a vector space) in a direct sum of n solenoidal subalgebras. This elementary 
observation will be important for our proof. 

Let us now discuss modules for the Lie algebras of vector fields. A M^„-module 
M is called a weight module if M = © Mx , where the weight space M\ is defined 
as 

M\ — {v £ M \ diV = XiV for i = 1, . . . ,n} . 

In particular, Wn is a weight module over itself and its weight decomposition 
coincides with its Z"-grading. 

Weight spaces of a W^-module are defined as the eigenspaces of d^ . 

Any weight W„-module can be decomposed into a direct sum of submodules 
corresponding to distinct cosets of Z" in C" . It is then sufhcient to study modules 
supported on a single coset /3 + Z", /? g C". We are going to impose such an 
assumption on M for the rest of this paper. 

Definition 2.3. We call M an ylM^„-module if it is a module for both the Lie 
algebra Wn and the commutative unital algebra A of functions on a torus, with 
these two structures being compatible: 

x{fv)^{xf)v + f{xv), f£A,x£Wn,v£M. (2.2) 

For solenoidal Lie algebras the concept of an 74T4^^-modulc is defined in the same 
way. 

If an AT^„-module M is a weight module then (|2.2p implies that the action of A 
is compatible with the weight grading of M: AjM\ C Mx+.y, 7 g Z", A G /3 + Z". 
Suppose an ylM^„-module M has a weight decomposition with one of the weight 
spaces being finite-dimensional. Since all non-zero homogeneous elements of A are 
invertible, we conclude that all weight spaces of M have the same dimension and 
that M is a free ^-module of a finite rank. 
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Definition 2.4. A weight module is called cuspidal if the dimensions of its weight 
spaces are uniformly bounded by some constant. 

Irreducible and indecomposable AW„-modules with finite-dimensional weight 
spaces are classified in [9] and [2]. Our strategy will be to use this classification in 
order to describe simple cuspidal W„-modules. 

For the Witt Lie algebra Wi the classification of simple weight modules was 
obtained by Mathieu [2^. Every such module is either a highest/lowest weight 
module, a module of tensor fields, or a quotient of the module of functions on a 
circle. Apart from the trivial 1-dimensional module, highest /lowest weight Wi- 
modules are not cuspidal ([IB], Corollary III. 3), while the modules of tensor fields 
are cuspidal and have weight spaces of dimension at most 1. 

Let us define Wi-modules of tensor fields on a circle. For a, /3 e C let T{a, f3) 
be a vector space with a basis {vg \s ^ (3 + Z} and the following action of Wi: 

CkVs = (s + ak)vs+k- (2.3) 

The modules T{a, (3) are simple unless a = 0, 1 and /3 + Z = Z. The exceptional 
cases a = 0, 1 are the modules of functions and 1-forms on a circle. The module 
of functions ^(O, 0) has a 1-dimensional submodule (constant functions), and the 
quotient by this 1-dimensional submodule is a simple W^i -module r(0,0) with a 
"hole" in a zero weight space. Applying the differential map from functions to 
1-forms we get that r(0,0) is a submodule in T(1,0), with the quotient of r(l,0) 
by r(0, 0) being a 1-dimensional module. 

Simple cuspidal modules for the solenoidal Lie algebra W^ have the same de- 
scription as in the case of Wi [24], with the modification that the basis vectors Vg 
are indexed by s G /? -I- F^, and the action of W^ is still given by the formula ()2.3|) 
with fc e F^. The W^-modules T{a, /?) are simple unless a — 0,1 and /3 -I- F^ — F^. 

3. AnNIHILATORS of cuspidal MODULES 

In this section we are going to establish an identity in the universal enveloping 
algebra of Wi which will be instrumental for the classification of simple cuspidal 
W„-modules. Using this important identity we will be able to show that certain 
quadratic elements of the universal enveloping algebra belong to annihilators of 
cuspidal modules for Wi and VF^. Let us mention that annihilators of simple Wi- 
modules T(a, /3) were described in [7]. Our results also shed light on the structure of 
extensions of cuspidal VFi-modules. Such extensions of length 2 and 3 were studied 
in [19] and ^. 

Let us inductively define differentiators Vti.^J e UiWi). Set 

^'■k.s ~ ^kBs 



and let 



"fc,s ~ "fc,s "fc-l,s+l- 



The element ^j^J can be viewed as the m-th difference derivative of i7^ ^ . We can 
express the differentiators in a closed form: 

<; = E(-ir(7)efc-.e. 
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Example 3.1. Q\ l^^ = eie_i — 2eQ + e_iei is the Casimir element of 5^2 = 

(e_i,eo,ei). 

The following Lemma can be easily established by a direct computation: 

(3) 

Lemma 3.2. For all k, s G Z, the differentiators flf. ^ belong to the annihilators of 
all Wi-modules of tensor fields T{a, /3). 

More generally, if M is a module with a polynomial action of Wi (see [1] for the 
exact definition), then il^™ G Ann(M) for large enough m. 

Now let us state our key identity. We denote by {X, y} the anticommutator 
XY + YX. 

Theorem 3.3. Let m,r>2. Then 

i=0 j=0 \ / \J/ 



Corollary 3.4. For every i there exists m such that for all k, s the differentiator 
^ks o-nnihilates every cuspidal Wi-module with a composition series of length i. 

Proof of Corollary \3.4\ Let M be a cuspidal M^i-module with a composition series 
of length t. 

= il/o C Af 1 C Af2 C . . . C Ml = M 

with simple quotients Mi+i/Mi. We give a proof by induction on £. Since non- 
trivial highest/lowest weight Wi-modules are not cuspidal, the composition series 
of M will have the modules T{a,l3), T(0, 0) and the trivial 1-dimcnsional module 
as possible simple quotients . By Lemma 13.21 J7[, ^ belongs to the annihilator of 
every cuspidal module of length £ = 1. To prove the step of induction, assume £ > 1 
and write ^ = i?i + £2 with £1,^2 > 1. By induction assumption there exist m,r 
such that i^j^™ , flp^q annihilate all cuspidal modules of lengths i?i,£2 respectively. 
Then both n'}^J^'f,l and ^^p^qfl'j^J annihilate M. Indeed, n'f}qM C Me, since 

n^p,l G Ann (M/Mf,,) and thus n^^Jn^p^lM = 0. The argument for fli^'Ji^'i^J is 
analogous. 

li m = r then Theorem 13. 31 implies that flj. " G Ann(Af). If to 7^ r we get that 
for all p, fc, s, q the expression 

{p-k + 2r)^^^-XlZ%_,^ -{p-k + 2rn)n^^-llz\U^^,.^, 

annihilates M. However we can vary the value of p — fc while keeping p + k fixed. 
This implies that ^fc_|!^_i_2rl+g-2r ^ Ann(A/), which completes the proof of the 
corollary. D 

f 12) 
Example 3.5. Our result implies that il^ J annihilates all cuspidal Wi -modules 

with a composition series of length 2. Such modules were classified by Martin-Piard 

in [in] . The answer turns out to be essentially the same as in the case of Lie algebra 
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of vector fields on a line, which was investigated earlier by Feigin-Fuks [10]. Feigin- 
Fuks listed explicit formulas for such extensions, which are also valid for Wi. Here 
is an extension M from their list: 



with basis {up, Wp \ p (£ (3 + Z} and the Wi-action: 



efcUp = P H ;:; k Up+k, 



/ , -5-Vl9 ,\ 
ekWp = p H k Wp+k 



-k^ ' k^p ■ fc^p2 _ 5^,4^3 j^ 5^3p4 ^ 2fc2/ u. 



22 + 5^19 ^7 _ 31 + 7V19,6. 25 + 7^19^,^, ,,4^3 , .,3.4 , 0.2.5 



p+k- 



ra r m r 

' m\ / r\ I m\ I r 



We can see that O). [.Wp = e^e-aWp has coefficients which are polynomials of degree 

8 in fc, s. Thus 17^ \,Wp = 0. By inspecting the table of possible extensions given in 

[TUj one can see that the lowest value of m for which il^™-^ annihilates all cuspidal 
modules of length £ = 2 is m = 9. 

Proof of Theorem[EIM 

^k—i—a^q—j--\-a^s-\-i—b^p-\'j-\-b ^s-^i—b^p-\-j-\-b^k—i—a^q—j-\-a 

Let us switch indices a with i and 6 with j in the last two summands. We get 

EEi-D— (:)0(T)(; 



, a J \b/ \ i J \i 

i=Q j=0 a=0 b=0 ^ / \ / \ / \J 
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ra\ r 



'^ V a / Vfe/ \i J \j 

aA=ObJ=Q ^ / \ / \ / \J 



Here the part involving the last 4 sumniands vanishes. The argument in each case 
is the same, so we will show this for the last term, which equals: 

E E (-l)^+^+«+^H ('\ H (")(.-p-2,+a-6)e,+,+„+,e,_,_.e,+,_,. 

We can see that the resulting monomials are independent of j. Taking the sum in 
j we get zero, since for r > 2 



EM)^ HEM)^Hr°- 

The sum with the first 2 summands may be expressed in the following way: 

m r 

E E(-i)'^''^"^'' 



,a/Vfe/\w\7 

a, 1=0 6 j=0 ^ / \ / \ / \J 



The sum involving the last term again vanishes since the monomial in the resulting 
expression 

{q- s + i+ i -a-b){p- s-q-i + 2j -a + 2b)ek-i-aep+s+q+i+a 

is independent of j and b and evaluating the sum in both j and b we get zero since 
every term in the expansion of the coefficient vanishes under summation in one of 
these two indices. Thus we are left with 

f i:(-ir--(:)(0(:)G 

o,i=0 6j=0 ^ / \ / \ / \J 

X {q- s + i+j -a-b){p-k + i+i + a + b)ek+p-r+j-a+bes+q+i-j+a-b- 

In the above expression everything except the factor q — s + i+ j — a — b is symmetric 
in {i, a} and {j, b}. We can symmetrize in these pairs of variables and get 

a,i=Ob,j=0 ^ / \ / \ / \J 

X {p-k + {i + a) + {j + b))ek+p-i+j-a+bes+q+i-j+a-b- 
Make a change of variables replacing j with r — j and b with r — b: 

'ni\ /r\ /?Ti\ /r 



(9--)E E(-ir^'^"^\ nun ■ n- 

\ a / \b/ \ I / \l 

a, 1=0 b,j=0 ^ / \ / \ / \.^ 

X {p- k + 2r+{i + a) - {j + b))ek+p+2r-i-]-a-bes+q-2r+i+]+a+b- 
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Set u = i + j + a + b, which ranges from to 2m + 2r. Then the coefficient at 
ek+p+2r-ues+q-2r+u is the same as the coefficient at t" in 

i'i-^)!:!! (-1)^+^+'^+^ h) Q h) (") {p-k + 2r+{^ + a)-{J+ 6))f +^+"+'' 

aa=Ob,j=0 \"/ V / \*/ V-?/ 

= {q - .s){{p - k + 2r)(l - t)™(l - t)™(l - tni - ty 

+ 2(1 - i)2'-+™i^(i - i)™ - 2(1 - i)2'"+'-i-^(i - ty) 

={q - s) {{p-k + 2r)(l - f)2™+2'- _ 2mf(l - f)2™+2'-i + 2rt(l - f)2™+2'-i) 
= {q -s){{p^k + 2r)(l - i)2™+2'-i -(p-k + 2m)i(l - i)2'n+2r-i) ^ 

The coefficient at i" is 

f2m + 2r-l\ ^ , , o \/ i ^«-l /^2m + 2r - 1 



(q-s) (p-A: + 2r)(-l)« - (p - fc + 2m)(-l) 

V V'^/ \M— 1 

which is the same as the coefficient at ek+p+2r-uSs+q-2r+u in 

il - S) (b - fc + 2?-)^i+p+2^;;+,_2r - (P - fc + '^m)^kZ'+2r-\]s+q-2r+l) ' 

which completes the proof of the Theorem. D 

Remark 3.6. In the proofs of Theorem 13.31 and Corollary 13.41 we relied little on 
the specific expressions for the structure constants for the Lie bracket in Wi and 
its action on simple cuspidal modules. What matters is the fact that the structure 
constants are polynomial. Thus our methods are applicable to a wider class of Lie 
algebras with polynomial multiplication and their modules with polynomial action, 
which were introduced in [1 . 

Remark 3.7. We can see from Theorem 13.31 that the subspace in U{Wi) spanned 
by the anticommutators of differentiators contains differentiators of higher order. 
Rather surprisingly, it appears that the subspace spanned by the commutators of 
the differentiators does not contain any non-zero quadratic elements. 



Let us now state the analogue of Theorem 13.31 for the solenoidal Lie algebra W/^. 
For k,s,h ^ F^, m > 0, define the differentiators in U{Wfj.): 



Jm,h) sr^, ^.,ini 



i=0 ^ * 



We have the following 

Theorem 3.8. Let m,r > 2, k, s,p, g, /i G F^ C C Then 



Z^ Z^y ^J [ ■ [■ \Y'■k~ih.,s~jh''''■q+^h,p+Jhj Y^k-ih,q~j}V^'-s+lh,p+jhj ) 

i=0 j=0 \ / V/ 



Corollary 3.9. For every i there exists m such that for all k, s^h (£ F^ the differ- 
entiator Vty^^ ^ annihilates every cuspidal W^-module with a composition series of 
length L 
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The proofs of Theorem l3.8l and Corollary 13.91 are exactly the same as in the case 
of W^i. 

4. COINDUCED MODULES 

In this section L will denote either Wn or W^i. The goal of this section is to 
prove the following 

Theorem 4.1. Let M be a cuspidal C-module satisfying CM = M. Then there 
exist a cuspidal AC-module M and a surjective homomorphism of C-modules: 

M -f M. 



Our main tool will be the coinduction functor. Let M be an £-module. 

Definition 4.2. A module coinduced from M is the space Hom(A, M) with the 
following action of C and A: 

(x</.)(/)=x(</.(/))-0(x(/)), (4.1) 

(.90)(/) = Hgf), for cf> e Hom(A, Af), xeC, f,ge A. (4.2) 

Proposition 4.3. (1) The coinduced module Hom(A, M) is an AC-module. 
(2) The map 

■K : Hom(A, M) -^ Af , 
0>-^0(l), 
is a surjective homomorphism of C-modules. 
Proof. Let us first verify that (|4.1[) defines an £- module structure on Hom(A, Af): 

(x(y0))(/) - (yixmn = ^((#)(/)) - (ym^f) - y{{^4>){f)) + {x(t>){yf) 
= <y{^{m ~ ^i^yf)) - y{4>{xf)) + (p{y{xf)) 

- y{x{cf,{f))) + y{4>{xf)) + x{(p{yf)) - cf>{x{yf)) 

^ [x,y]{c^if)) ^ ^{[x,y]f) ^ {[x,y]cj))if), for € Hom(A Af), x,y e C, f e A. 

Clearly, (|4.2p defines an A-module structure on Hom(A,Af). To show that the 
>C-module and the A-module structures are compatible, we need to check that 

x{g(j)) = x{g)(t)-\-g{x(l)). 

Indeed, 

{x{9)mf) + {g^mU) = H^i9)f) + ^mgf) = H^ig)!) + <4>{gf)) ~ 4>{x{gf)) 

= (f,{x{g)f)+x{(p{gf)) - <j^{x{g)f) - cf>{gx{f)) = x{{g4>)f) - {gcf>){xf) = (x(g0))(/). 

In order to establish the claim of part (2), we need to show that xcf) is mapped to 
x{(p{l)), i.e., {x(j)){l) — x{(l){l)), which is true since x{l) — 0. The surjectivity of tt 
is obvious. D 

The shortcoming of the coinduced module Hom(A, M) is that it is too big. We 
are now going to construct a smaller submodule in Hom(A, M) which will serve 
well for our purposes. 
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Definition 4.4. An A- cover of an £- module M is the subspace M C Honi(A, M) 
spanned by the set {ipix, u) \ x E C,u E M}, where ip{x, u) E Honi(A, M) is given 

by 

ip{x,u){f) ^ {fx)u, for/eA 

Proposition 4.5. (1) The action of C and A on AI is the following: 

yip{x,u) =ip{[y,x],u) + 'il;{x,yu), (4.3) 

gip{x,u) =ip{gx,u), for x,y E C, u E M, g E A. (4.4) 

(2) If M is a weight module then so is M. 

(3) 7r(M) = CM. 

Proof. In proving (1) we are going to use the fact that the adjoint representation 
of C is an yl>C-module: 

[V,lx\ ^y{f)x + f[y,x]. 
Then 

{yi(;{x,u)){f) = y{il;{x,u){f)) - i(;{x,u){yf) = y{{fx)u) - {{yf)x)u 
= [y, fx\u + {fx){yu) - {{yf)x)u = {{yf)x)u + (/[y, x\)u + {fx){yu) ~ {{yf)x)u 
= ^([y, x\,u){f) + ■0(a;, yu){f). 
For the action of A we have 

{g^{x, u)){f) = ^{x, u){gf) = {{fg)x)u = ij{gx, u){f). 

Let us prove the second part of the proposition. If M is a weight module then M 
is spanned by ^p{x, u) with x and u being eigenvectors with respect to the action of 
the Cartan subalgebra of C. Then (|4.3p shows that ip{x, u) is also an eigenvector 
for the action of the Cartan subalgebra. Since M is spanned by its weight vectors, 
it is a weight module. 

Finally, for part (3) we note that 7r('0(a;, m)) — 'tjj{x,u){l) — xu, which implies 
the claim. D 



Remark 4.6. It follows from (14. 3p that the A-cover M can also be constructed 
as a quotient oi C ^ M (where the first tensor factor is the adjoint module) by a 
submodule 

1 /, Xi®Ui I 2_,{f^i)'^i =0 for all / G A > . 

Example 4.7. One of the technical difficulties in working with W„-modules is the 
existence of modules with "holes" and "bumps" at the zero weight space. Let us 
show how the use of A-cover remedies this complication. Consider a Wi-module 
M = T(0, 0) = C[t, t~^]/ (1) . We fix a spanning set Uj — P with a provision uq = 0. 
The action of Wi is CkUs = sug+k- Let us construct the yl-cover of M: 

1p{ek,Us){t"'-) = (t"^ek)Us = Ck+rnUs = SUs+k+m- 

Introduce 6j E IIom(j4, M), given by 

Then we can see that t/ji^k, Us) = sOk+s- Thus M has a basis {Oj\j E Z} with the 
AVFi-action CpOj = jOj+p, tPQj = Oj+p. Note that 6*0 ?^ and M ^ C[t,i-i]. We 
see that taking the ^-cover fills in the hole in M . 
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Example 4.8. Let M be the adjoint representation for the Virasoro algebra, viewed 
as a VFi-module. The Wi-action can be written as 

e/cWj = (i - k)uj+k + dk+j,ok^z, 
ekz = 0. 

Then V(efc, "i)(^™) = ek+mUj = {j - k - ■m)uj+k+m + Sk+m+].a{-j)^z, while 
ip{ek, z) = 0. Consider the following elements in Hom(j4, M): 

Then xp(ek,Uj) = —t^+j + 2j9i;^j — j^rj^^j. One can check that the A-action is 
P'tj = Tj^p, VOj = Oj-^-p^ t'Prij = rjjj^p^ while Wi acts in the following way: 

epTj = (i - 2p)r,-+p + 2p^e.j+p - /ry^+p, 

epVj = iJ+P)V3+p- 

In this case M is a weight module with 3-dimensional weight spaces. The map 
TT : M ^ M is given by 7r(Tj) = juj, tt{Oj) — Uj, Tr{rij) = Sj,oz. 

Assume now that M is a cuspidal £-module. Its A-cover M is a weight module, 
however it is not a priori clear that the weight spaces of M are finite-dimensional. 
In the above examples this was the case due to the fact that the structure constants 
in the modules were polynomial. We are going to prove next that M is indeed 
cuspidal. The key ingredient in the proof is Corollary 13.91 We begin with the 
solenoidal Lie algebra. 

Theorem 4.9. Let M be a cuspidal module for the solenoidal Lie algebra Wp,. 
Then the A-cover M of M is cuspidal. 

Proof. Without loss of generality let us assume that /? = in case when /S+F;^ — F;^. 
This ensures that cq acts with a non-zero scalar on every weight space of M different 
from Mp. 

For A: e F^, A e /3 + F^ denote by 'ilj{ek,M\) a subspace 

i!{ek,Mx) = {tp{ek,u) \ u e Ma} C M. 

Since weight spaces of M are finite dimensional, so are the spaces V'(6fe, M\). 

Since M is an ^-module, it is sufficient to show that one of its weight spaces is 
finite-dimensional, then all other weight spaces will have the same dimension. Fix 
a weight /3 + s, s e F^ and let us prove that Mp^s is finite-dimensional. The space 
M^_i_s is spanned by the set 

U tp{es-k,Mp+k). 
Choose a basis {(5i, . . . , t5n} of the lattice F^ and introduce a norm on F^: 

n 11 

\\k\\=^\k3l where fc = ^fcj(5j. 
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By Corollary 13.91 there exists m e N such that flp^q belongs to the annihilator of 
M for al\p,q,h G T^. 

We claim that M^+s is equal to 

{7777? ^ 
V'(e,_fe,M/5+fe)||lfc|l<— |. (4.5) 

To prove this claim we need to show that for all p G F^ and for all u e Mp^p, 
tp{es-p,u) belongs to (|4.5I) . We prove this by induction on ||p||. If \pj\ < ^ for all 
j — 1, . . . ,n, the claim holds trivially. Suppose that for some j we have \pj\ > ^. 
Let us assume pj < — Y' ^^"^ '^^^'^ Pj -^ T ^^ treated in the same way. We have that 
p + Sj,p -\- 26 j, . . . ,p + mSj all have norms less than ||p||. Since eo acts on Mp+p 
with a non-zero scalar, we can write u = e^v for some v G Mp^p. Let us verify that 



Y^ - .-.iifn 



Uj{es-p-iSj,eiSjV) 



^ — ' V I 

i=0 



in M. Indeed, 



m / \ ra / 

i=0 ^ ' i=0 ^ 



771 \ 






Thus 



V'(es_p,w) = -^(-1)M . ]^{es-p^r5j,e^s^v). 



(4.6) 



By induction assumption the right hand side of (|4.6p belongs to (|4.5p . and so does 
■0(es_p,M), which proves the claim. Hence 

Af^+s = Span |'(/'(es_fe,M,3+fe) | ||fc|| < — | 

and it is finite-dimensional. The theorem is proved. D 

Using this result for the solenoidal Lie algebras we can easily establish its ana- 
logue for the Lie algebra of vector fields on a torus. 

Theorem 4.10. Let M be a cuspidal module for the Lie algebra Wn of vector fields 
on a torus. Then its A-cover M is cuspidal. 

Proof. Fix a basis {/zi, . . . ,/i„} of C" such that every jij is generic. Then as a 
vector space we can decompose Wn into a direct sum of its subalgebras: 

The module Af when restricted to each solenoidal Lie algebra W^^. remains cuspidal. 
Let M be the A-cover of the W„-module M. The weight space M\ is spanned by 
the set 

{i^it'^df,^ , Mx-k) I fc e Z", J - 1, . . . , 77} . 
By Theorem 14.91 a subspace spanned by 

{7/;(t'=d^^,MA-fe)|fceZ"} 

is finite-dimensional for each j — 1, . . . , 77. Thus M\ is finite-dimensional as well. 
Since M is an ^-module, it is cuspidal. D 



J^ © Jfc, 




, gf- and Jo = glu- 


Set 


J+^ ® Jk- 

k=0 
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As a corollary of Theoreras 14.91 and 14.101 we obtain Theorem 14.11 by applying 
Proposition l4.5l (3) . We conjecture that in fact the condition Af = CM in Theorem 
I4.1l is superfluous. 

We have thus established a close relation between cuspidal W„-modules and 
cuspidal AWVt-modules. The general structure of cuspidal AW„-modules is well- 
understood. These modules are parametrized by finite-dimensional representations 
of a certain infinite-dimensional Lie algebra [2^ . Let us recall that construction. Let 
J' = DerC[ti, . . . ,tn], which is the jet Lie algebra of Wn (see [5] for the definition 
of a jet of a Lie algebra). The Lie algebra J has a natural Z-grading 



where JLi is spanned by ^, . 



If {V, p) is a finite-dimensional representation of J^ then 

p{Jk) = for fc > 0. (4.7) 

Theorem 4.11. (\^) Let M he a cuspidal AWn-module with the set of weights 
j3 + Z" for some /3 € C". Then there exists a finite- dimensional representation 
(y, p) of J7+ such that 

with the natural action of A and the following Wn-action: 

kezi\{o} ■ V J/ 

where m G Z", s (z /3 + Z", m'^ — m-^^ . . . mjj", fc! = fci! . . . fc„! and v & V. 

In particular, one can easily obtain from Theorem 14. Ill a classification of simple 
cuspidal AIV„-modules ([S], [2])j which we will present in the next section. 

Remark 4.12. Note that (|i?S)) together with (|i?71) implies that a cuspidal AWn- 
module always has polynomial structure constants, i.e., it is a module with a poly- 
nomial action. 

We conclude this section with the discussion of duality in the category of cuspidal 
modules. 

Define the graded dual of a weight module M as 

M* = ®{Mx)*. 
It is clear that M* is again a weight module. 

Lemma 4.13. // A'l is an AC-module then its graded dual M* is also an AC- 
module. 

Verification of this lemma is straightforward and we omit its proof. 

Proposition 4.14. Let M he a weight C-module. Then the map 

TT* : M ^ (%I*\ * 
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given by 

7r*(M)(V'(a;,C)) = ^(xu), for u€ M, xe C, ^e M* , 
is a homomorphism of C-modules with kernel {u € M \ Cu = 0}. 

Proof. Let us show that tt* is a hoiTLomorphism of >C-inodules. We need to show 
that for y (z C we have y'K*{u) — 'K*{yu). Indeed, 

= -i{[y,x]u) - (yOixu) = -£,{[y,x]u) + £,{y{xu)) ^ ^{x{yu)) = Tr*{yu){ilj{x,^)). 
The statement about the kernel of tt* is obvious. D 

Corollary 4.15. Let M be a cuspidal C-module with no 1-dimensional suhmodules. 
Then M can be embedded into a cuspidal AWn-module. 

5. Classification of simple Wn-MOouLES with finite-dimensional 

WEIGHT spaces 

In this section we establish the classification of simple W,i-modules with finite- 
dimensional weight spaces which was originally conjectured by Eswara Rao [9]. 
First we are going to present two classes of modules: cuspidal simple modules and 
simple modules of the highest weight type. Then we shall prove that these two 
classes give a complete list. 

Cuspidal simple modules. These modules have a geometric origin - they are 
modules of tensor fields on a torus ([22], [II], [23]). 

Let U he a. finite-dimensional simple f/Z„-module and let (3 £ C". The module of 
tensor fields T{U, (3) is the space 

T{U,f3)=t^'C[tf\...,tt']^U 

with a Wn-action given as follows: 

n 
{t"^da){t' (E)U)^ Sat'+'^ ®U + Y^ mpt'+"' (E) EpaU, 

p=l 

where TOGZ",sS/3-l-Z",ueC/ and Epa is an n x n matrix with 1 in position 
{p, a) and zeros elsewhere. It is easy to check that the modules of tensor fields 
T{U, P) are AW„-modules. 

Let V be the natural n-dimensional representation of gin and let A^V be its 
fc-th exterior power, k = 0, . . . ,n. Note that A'^V is a simple (7/„-module for all 
k = 0,...,n. The modules i^^{l3) = T{A''V,f3) are the modules of differential 
fc-forms. These modules form the de Rham complex 

n%/3) -^ Oi(/3) -^ . . . ^ ^"(/3). 

The differential d of the de Rham complex is a homomorphism of W,i-modules 
(however it is not a homomorphism of A- modules). Thus the kernels and the 
images of d are W„-submodules in il''{f3). As a result, for 1 < fc < n — 1, r2'^(/?) are 
reducible l^/ft-modules, while r2°(/3) and i^"(/3) are reducible if and only if /? G Z". 
The following Theorem was proved by Eswara Rao (there is also a similar result 
of Rudakov [22] for the Lie algebra of vector fields on an aflfine space): 
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Theorem 5.1. (^, see also jT3]j Let U be a finite- dimensional simple gin-module 
and let P^ C". 

(1) The module of tensor fields T{U,/3) is a simple Wn-module unless it is a 
module 51'^ (/3) of differential k-forms, < k < n. 

(2) The module fl''{f3), < k < n, has a unique simple quotient, which is dVt^{l3) 
for < fc < n — 1. The module ri"(/3) is simple when /3 ^ Z" and has a trivial 
1-dimensional module as a simple quotient when /3 € 1^" . 

Eswara Rao also classified simple cuspidal AVK„-modules [9]. Cuspidal AWn- 
iTLodules without the assumption on simplicity are described in [2*. 

Theorem 5.2. (^) Simple cuspidal AWn-modules are precisely the modules of 
tensor fields T{U,l3) with simple finite- dimensional gin-modules U and /3 g C". 

Simple Wn-modules of the highest weight type. Consider a Z-grading on W„ by 
eigenvalues of d„ = ^n gf-- Write the decomposition of Wn- 

Wn = W- ®W°® W+ 

into the subalgebras of negative, zero and positive degree. The subalgebra W^ is a 
semidirect product of Wn-i with an abelian ideal: 

< = DerC[if \ . . .,tt\] K C[tt\ . . . ,<±Md„. 

Let X be a weight module for W^ with a unique simple quotient X (we could have 
started with X, but keeping in mind the construction of simple modules dVl^{f3), 
we prefer to work in this slightly more general setting). We define simple modules 
of the highest weight type using the technique of the generalized Verma modules. 
Postulate W^ X = and construct the generalized Verma module by inducing: 

M{X)^lnAll^^,X = U{W-)®X. 

The generalized Verma module M{X) has a unique simple quotient, which we 
denote L{X). Note that L{X) ^ L{X). 

The group GLnC^) acts on the algebra A of Laurent polynomials, which is the 
group algebra of Z". This induces the action of GL„(Z) by automorphisms on 
Wn = Der^. For each g G GLnC^) we can consider a twisted module L{X)^, 
where the action of Wn is composed with an automorphism g. 

We call the modules L{X)^ simple W„-modules of the highest weight type. 
Whereas the generalized Verma module M{X) always contains infinite-dimensional 
weight spaces, the situation may improve with passing to its simple quotient L{X). 

Theorem 5.3. (^, see also [5]J Let X be a W^-module with a polynomial action 
(see [T] for the definition). Then the simple Wn-module of the highest weight type 
L{X) has finite- dimensional weight spaces. 

In particular, we can take a simple finite-dimensional gZ^-i-module U, and let 
X be a T4^„_i-module of tensor fields T{U,P) for some f3 € C"-i. We fix 7 e C 
and define the action of the abelian ideal as follows: 

{f^dnW ®u) = 7i"+" (g) u, for m G Z"-\ seP + Z"-^ ueU. 

The resulting module X = T{U, /3, 7) is a W^-module with a polynomial action [5] 
and has a unique simple quotient. Thus the corresponding simple W„-module of 
the highest weight type L{X) — L{U,/3,j) has finite-dimensional weight spaces. 
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The structure of the simple modules L{U,(3,^) was studied in ^4], where their 
vertex operator realizations are given. 

Now we can state the main classification result presented in Introduction. 

Theorem 5.4. (1) Every simple Wn-module with finite- dimensional weight spaces 
is either cuspidal or of the highest weight type. 

(2) A simple cuspidal Wn-module is isomorphic to one of the following: 

• a module of tensor fields T{U,f3), where l3 S C" and U is a finite- dimensional 
simple gin-module different from the k-th exterior power of the natural n- dimensional 
gin-module, < k < n; 

• a submodule dn^{(i) C ^''+^(/3), < fc < n; 

• a trivial 1-dimensional Wn-niodule. 

(3) A module of the highest weight type is isomorphic to L{U, (3,^)^ for some 
finite- dimensional simple gln-i-module U , j3 £ <C^^^ , 7 G C and g € GL„(Z). 

Proof. Part (1) of the Theorem was proved by Mazorchuk-Zhao (I21j, Theorem 1). 
More precisely, they prove that a simple W„-niodule with finite-dimensional weight 
spaces is either cuspidal or is isomorphic to a module of the highest weight type 
L{XY for some g G G'i„(Z) and some simple cuspidal W^-module X. Let us 
analyze these two cases. 

Case of cuspidal modules. The classification in this case follows from the follow- 
ing lemma: 

Lemma 5.5. Let M he a simple cuspidal Wn-module. Then M is a .simple quotient 
of a module of tensor fields T{U,/3) for some simple gin-module U and (3 G C". 

Proof of Lemma. The claim holds for the trivial 1-dimensional module since it is 
the simple quotient of the module i7"(0). Let us now assume that M is a non-trivial 
simple module. Then WnM = M and there is a surjective homomorphism vr from 



a cuspidal AW„-module M to M by Proposition 14. ST S) and Theorem 14. 101 
Consider a composition series of AW„-submodules in AI: 

= Mo C Ml C . . . C Me-i dMe^M 

with the quotients Mi/Mi^i being simple AlV„-modules. Let s be the smallest 
integer such that 7r(Ms) 7^ 0. Since M is a simple W^-module we have 7r(Ms) = M 
and 7r(Ms_i) = 0. This gives us a surjective homomorphism of W„-modules 

7f : Ms/Ms-i -^ M. 

By Theorem 15. 2[ Ms/Ms~i is isomorphic to a module of tensor fields T{U,I3) for 
some simple (7/„-module U and /? € C". This completes the proof of the lemma. 

D 

The classification of simple cuspidal W^„-modules now follows from Lemma 15.51 
and Theorem 15. II 

Case of .simple modules of the highest weight type. Let M be a simple module 
L{Xy for some g G GLn{^) and some simple cuspidal W°-module X. Guo-Liu- 
Zhao [12] have reduced the description of these modules to the classification of 
simple cuspidal W„_i-modules. More precisely, they proved ([E], Theorem 3.3) 
that either X ^ T{U,I3,^) for some finite-dimensional simple 5/„_i-module f/, 
P G C"~^ and some non-zero 7 G C, or the abelian ideal C[i;^ ^, . . . ,t„lj]d„ acts 
trivially on X. The latter case is the only one that we need to consider. In 
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this setting X is just a simple cuspidal W„-i-modulc. By Lemma 15.51 ^ is a 
simple quotient of a module X — T{U, (3) for some finite-dimensional simple gln-i- 
module U and /3 G C"~^. Then as a W^-module, X is isomorphic to T{U, (3, 0) and 
M = L{U, (3, 0)3. This completes the proof of the theorem. D 



6. Acknowledgements 

The first author is supported in part by a grant from the Natural Sciences and 
Engineering Research Council of Canada. The second author is supported in part 
by the CNPq grant (301743/2007-0) and by the Fapesp grant (2010/50347-9). Part 
of this work was carried out during the visit of the first author to the University 
of Sao Paulo in 2013. This author would like to thank the University of Sao Paulo 
for hospitality and excellent working conditions and Fapesp (2012/14961-0) for 
financial support. 

References 

[1] S. Berman, Y. Billig, Irreducible representations for toroidal Lie algebras, J. Algebra 221 
(1999), 188-231. 



[2 

[3; 

[4: 

[5 

[6; 

[7: 
[s: 

[9 

[lo: 
[11 

[12 

[13: 

[14 
[15 

[16: 

[17 

[is: 

[19 



Y. Billig, Jet modules, Canad.J.Matli, 59 (2007), 712-729. 

Y. Billig, K. lohara, O. Mathieu, Bounded representations of the determinant Lie algebra, 

in preparation. 

Y. Billig, V. Futorny, Representations of Lie algebra of vector fields on a torus and chiral 

de Rham complex, to appear in Trans. Amer. Math. Soc. 

Y. Billig, K. Zhao, Weight modules over exp-polynomial Lie algebras, J. Pure Appl. Algebra 

191 (2004), 23-42. 

C. H. Conley, Bounded length 3 representations of the Virasoro Lie algebra. Internal. Math. 

Res. Notices, No.l2 (2001), 609-628. 

C. H. Conley, C. Martin, Annihilators of tensor density modules, J. Algebra 312 (2007), 
495-526. 

S. Eswara Rao, Irreducible representations of the Lie algebra of the diffeomorphisms of a 
d-dimensional torus, J. Algebra 182 (1996), 401-421. 

S. Eswara Rao, Partial classification of modules for Lie algebra of diffeomorphisms of d- 
dimensional torus, J. Math. Phys. 45 (2004), no. 8, 3322-3333. 

B. L. Feigin, D. B. Fuks, Homology of the Lie algebra of vector fields on the line, Funct. 
Anal. Appl. 14 (1980), 201-212. 

D. B. Fuks, Cohomology of infinite-dimensional Lie algebras. Contemporary Soviet Math- 
ematics. Consultants Bureau, New York, 1986. 

X. Guo, G. Liu, K. Zhao, Irreducible Harish-Chandra modules over extended Witt algebras, 
to appear in Ark. Mat. 

X. Guo, K. Zhao, Irreducible weight modules over Witt algebras, Proc. Amer. Math. Soc. 
139 (2011), 2367-2373. 

V. G. Kac, Some problems of infinite-dimensional Lie algebras and their representa- 
tions. Lecture Notes in Mathematics, 933 (1982), 117-126. Berlin, Heidelberg, New York: 
Springer. 

I. Kaplansky, The Virasoro algebra, Comm. Math. Phys. 86 (1982), 49-54. 
I. Kaplansky, L. J. Santharoubane, Harish-Chandra modules over the Virasoro algebra, 
MSRI Publications vol. 5, pp. 217-231. Berlin, Heidelberg, New York: Springer 1985. 
R. Lu, K. Zhao, Classification of irreducible weight modules over higher rank Virasoro 
algebras, Adv. Math. 206 (2006), 630-656. 

C. Martin, A. Piard, Indecomposable modules over the Virasoro Lie algebra and a conjec- 
ture of V. Kac, Comm. Math. Phys. 137 (1991), 109-132. 

C. Martin, A. Piard, Classification of the indecomposable bounded admissible modules 
over the Virasoro Lie algebra with weightspaces of dimension not exceeding two, Comm. 
Math. Phys. 150 (1992), 465-493. 



CLASSIFICATION OF SIMPLE W^-MOBVLES 19 

[20] O. Mathicu, Classification of Harish-Chandra modules over the Virasoro algebra, Invent. 

Math. 107 (1992), 225-234. 
[21] V. Mazorchuk, K. Zhao, Supports of weight modules over Witt algebras, Proc. Royal Soc. 

Edinburgh: Section A 141 (2011), 155-170. 
[22] A. N. Rudakov, Irreducible representations of infinite-dimensional Lie algebras of Cartan 

type, Izv. Akad. Nauk SSSR Ser. Mat. 38 (1974), 835-866. 
[23] G. Shen, Graded modules of graded Lie algebras of Cartan type. I. Mixed products of 

modules, Sci. Sinica Ser. A 29 (1986), 570-581. 
[24] Y. Su, Simple modules over the high rank Virasoro algebras, Comm. Algebra, 29 (2001), 

2067-2080. 

School of Mathematics and Statistics, Carleton University, Ottawa, Canada 
E-mail address: billlgOmath. carleton. ca 

Instituto de Matematica e Estati'stica, Universidade de Sao Paulo, Sao Paulo, Brasil 
E-mail address: futornyaime.usp.br 



